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Abstract 

Let C be the operator defined on C 2 functions by 

Cf(x) = J [f(x + h)- f(x) - l imi) Vf(x) • h]0^dh. 

This is an operator of variable order and the corresponding process 
is of pure jump type. We consider the martingale problem associated 
with C. Sufficient conditions for existence and uniqueness are given. 
Transition density estimates for a-stable processes are also obtained. 
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1 Introduction 

We consider pure jump Markov processes corresponding to the following 
infinitesimal generator: 



The processes behave like a Levy process at each point x, but which process 
varies from point to point. Note that our operator £ can be of variable 
order, i.e. a(x) is a function of x. In the case that either n(x, h) or a(x) 
is a constant, the corresponding process is called stable-like process. The 
l(|/ l |<i)V/(x) • h term is omitted if a(x) < 1. The question considered in this 
paper is the following. Is there a process corresponding to the operator C, 
and if so, is there a unique process ? 

In order to answer these questions, we consider the martingale problem 
associated with C. Let Q = D[0,oo) be the space of paths that are right 
continuous with left limits, and let X t : Q — > M. be defined by X t {oj) = u(t). 
Let T t be the smallest right continuous a-field containing a(X s , s < t). We 

say a probability measure P solves the martingale problem for £ starting at 



(ii) for every / 6 C%, f(X t ) — f(X ) — / Cf(X s )ds is a P-local martingale. 



The purpose of this paper is to give sufficient conditions for the existence 
and uniqueness of the solution to the martingale problem for pure jump 
processes of variable order. 

There are only a very few papers |B2] , [Klj . [Km], [Nej . |Tsj . |Ue] that 
handle variable order terms without assuming a considerable amount of con- 
tinuity in the x variable. Among the first is Bass |B3J. The infinitesimal 
generators of the processes considered there are given by 




(1.1) 



xq if 



(i) P(X = xq) = 1, and 





[f(x + h)- f(x) - f'(x)hl {hm (h)]v(x, dh). (1.2) 



2 



As the result of a series of works [Blj , [B2j , |B3j on stable-like processes in 
the 1980's, Bass [B3j handle the martingale problem for pure jump processes 
with variable order using the Fourier transform. 

Interested readers can find more details about jump processes in [B5J. 

In Bass [B3J a condition is given for uniqueness, and it is stated there 
that there is no great difficulty in extending this to higher dimensions. Un- 
fortunately, the condition given is in terms of the second derivative of the 
ratio of Fourier transforms, and can really only be applied in the case where 
the jump kernel is of the form c\h\~ l ~ a<yXS} dh for a suitable function a(x). In 
recent years there has been considerable interest in operators whose jump ker- 
nel is of the form n(x, h)/\h\ d+a W dh, where n is a function that is bounded 
above and below; see |BBCK] , [BL], |BT] . among others. For this reason it is 
desirable to give a criterion for uniqueness directly in terms of the functions 
n and a(x), and that is the main purpose of this paper. 

The cases we consider in this paper are for multidimensional processes 
and are much more general than |B3j. We do a perturbation of a multidi- 
mensional stable-like process. The difficulty in this approach is threefold. 
The first difficulty is that we have to establish new estimates on the transi- 
tion densities of multidimensional symmetric stable processes. Secondly, the 
multidimensional case is much more singular than the one-dimensional case. 
Lastly, the Fourier transform is hard to work with in our case. Fortunately, 
we are mostly able to avoid the use of the Fourier transform. 

There are two perturbations involved in our proof. We first view £ as a 
perturbation of stable-like processes, then we treat stable-like processes as a 
perturbation of stable processes. 

The rest of the paper is organized as follows. Section 2 contains notation, 
definitions, and statement of results. Section 3 contains estimates on tran- 
sition densities of a-stable processes. Some key estimates are obtained in 
Section 4. Section 5 consists of the proof of uniqueness. 

2 Preliminaries 

We use the letter c with subscripts to denote finite positive constants whose 
exact values are unimportant and may change from line to line. We use 
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Cb to denote the space of bounded continuous functions on M. d , and to 
denote the space of bounded continuous functions on M. d that have bounded 
continuous derivatives up to second order. The notation C°° denote the 
collection of functions that have continuous derivatives of any order. Let C c 
denote the space of functions in C& with compact support and similarly let 
and C 2 C denote the collections of functions in C°° and C 2 , respectively, 
with compact support. We denote sup|/(x)| by ||/||. We use \x\ to denote 

X 

the Euclidean norm for x G M. d . The notation := is to be read as "is defined 
to be." For two real numbers a and b, a A b := min{a, b}. For a function / 
on M. d , its Fourier transform / is defined by 



f(u) := / e m ' x f{x)dx, u 6 W. 

A multidimensional symmetric stable process of index a is a Levy process 
X t such that 

Ee iu ' Zt = e-^ a . 

The Levy measure for such a process is given by , h p+ a dh, where c a is a 
constant depending only on a. This follows because the Levy-Khintchine 
formula says that 

Ee m ' Zi = e' m{u \ 



where 



'|h|^0 

With a change of variables h — and the fact h/\h\ d+a is odd, we have 

I ■ u H Q 

= \u\ a / (eV - 1 - i— ■ vl { \ v \< H) )—^dv = c\u\ a . 

J\v\^0 \ u \ \ v \ 

For the existence of a solution to the martingale problem, we need the 
following assumptions. 

Assumption 2.1 Suppose 

(a) for all x, there exist positive constants c\, C2 such that c\ < n(x, h) < C2- 

(b) Cf is continuous whenever f e C 2 . 
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For the uniqueness of the solution to the martingale problem for C as 
defined in ( 11.11) . we need the following assumption. 



Assumption 2.2 Suppose 

(a) there exist positive constants c\, 7 and e and a Dini continuous function 
£ : lR d -^(0, 00) such that for all x, \n(x, h) — £(x)\ < Ci(l A \h\ e ); 

(b) < a = inf a(x) < sup a(x) = a<2; 

X X 

(c) (3(z) = o(l/| lnz|) as z—>0, where /3(z) = sup \cn(x) — oe(y)\; 

\x-y\<z 

(d) f^<oo. 

We say a function £(x) is Dini continuous if 
■uz <^ cxj, wnere 'ip\z) = 

x—y\<z 



I dz < 00, where ip(z) = sup \£(x) — £(y)|. 

Jo ^ \x—y\<z 



We also temporarily assume the following on 

Assumption 2.3 There exists a positive constant ( such that 

\t(x)\<(, xeR d . 

Our existence theorem is the following. 

Theorem 2.4 Suppose that Assumption \2.1\ holds. Then for every x £ 
there exists a solution to the martingale problem for L starting from xq. 



Proof. Bass |B3] gives a complete proof for the existence for one-dimensional 
case and it has no difficulty to extend the same proof to higher dimensions. 
The idea in the proof is to construct a sequence of tight probability measures 
P n and show there is a subsequence of P n which converges to P, a solution 
to the martingale problem. 

□ 

Our main result for uniqueness is the following. 
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Theorem 2.5 Suppose that Assumption \2.S\ holds. Then for each xq the 
martingale problem associated with the operator £ starting at Xq has a unique 
solution. 

The conditions in our uniqueness theorem are quite mild. A recent paper 
by Barlow et al |BBCK| indicates that uniqueness can fail if one only requires 
that n(x, h) be bounded. 

3 Transition densities of ce-stable processes 

In this section, we will obtain a power series expansion for the transition 
density of a symmetric stable process in d dimensions. 

The estimate (13. 2p on the transition density of a symmetric stable process 
is known; see Kolokoltsov |K1| Proposition 3.1]. But we prove it using a 
different approach. Our approach allows us to obtain an estimate on the 
second derivative of transition density p t (x,y) by differentiating the power 
series. 

Let < a < 2 be fixed, let X t be a multidimensional symmetric a-stable 
process, and let p t (x,y) be the transition density of X t . The characteristic 
function of X x is E exp(raXi) = exp(— \u\ a ). Let u = (ui, u 2 , uj) be a 
vector and P = (Pi, P2, Pd) be a multi-index with nonnegative integers 
entries; define the size of a multi-index P by \P\ = \Pi\ + ■■■ + \Pd\ and define 
u 13 = Yl^^Uj 3 and d@ f = d^.-.d^f. Since u@ exp(— \u\ a ) is integrable for 
all multi-indices P, pi(0,x) has bounded partial derivatives of all orders. We 
have the following estimates. The proof partially follows [GrJ. 

Proposition 3.1 There exist positive constants ci and Mi such that if \x\ > 
Mi, 

00 

Pl (0,x) = (2n)- d Y, Cj ^\x\- {d+ka \ (3-1) 

k=l 

where c^ka = ^ ka ^^ d ^ 2 T Y{-ka}^ • Furthermore 

\p 1 (0,x)\=c 1 \x\-( d+a \l + o(l)). (3.2) 
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Before we proceed to the the proof, we give a definition of a homogeneous 
distribution which is needed in our proof. 



Definition 3.2 Suppose f is in the Schwartz class. For z £ C, a homoge- 
neous distribution u z is defined as follows: 

„ z + d 

«.(/) = / ^z\x\ z f{x)dx. (3.3) 

It is clear that the integral converges for Re z > —d. We would like to 
extend the definition of u z (f) to all z £ C. Let Re z > —d and N be a fixed 
positive integer. For / in the Schwartz class, rewrite the integral in (13. 3p as 
follows. 



/ ^\*\*{m-Y,y^A*° (3-4) 



^M<1 1 V 2 J |^|<at 



z + d 

7T 2 



+ / f^MVCs)^- (3-6) 



Suppose Re z > —N — d — 1. Since the difference inside the brackets of 
(13.41) is bounded by a constant multiple of jx^" 1 " 1 , the integral in (13.41) is a 
well defined analytic function. It is obvious that the integral in (13.61) is also 
well defined since / is in the Schwartz class. For the integral in fl 3 . 5 j) . we use 
polar coordinates to get 



/ 6 p d9) [ r^ +z+d - l dr, 
Js Jo 



TV z+d 

^ 2 ' \P\<N 



7T^(^/)(0) 1 



r(^) prj s 
p\r(£&) \/3\ + z + d 



(3.7) 
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The integral in (13. 7p is zero when |/5| is odd. If \(3\ is even, ( \ j3\ +z + d)~ 1 has 
a simple pole at z = —d — \(3\ for \(3\ < N and even. We know that r( £ ±^) 
also has a simple pole at z = —d — 2j, j = 1,2, ...[y]. These poles exactly 
cancel with each other. We therefore see that the integral in (I3.3P is a well 
defined analytic function when Re z > —N — d — 1. Since N was arbitrary, 
is well defined for all z G C. 



We have the following lemma. 
Lemma 3.3 For all positive integers k 

lim I e- iux \u\ ka e-^l 2 du = (2^)^ , 

Proof. First we look at a more general case of the above. For all z G C and 
/ in the Schwartz class, we will use polar coordinates x = r6 and u = tip. 
The following is justified by Fubini and rotational invariance. 



u\ z f(u)du = / / \u\ z e tx u f(x) dxdu 

pOO p poo p 

I I I I e iTte ^ , dipt d+z ~ 1 dt f(r6)d6r d - 1 dr 
Jo Js Jo Js 

oo p poo p 

r -(d+z) / / / e «*-v dipt d+z ~ l dtf(r6) d6r d ~ l dr 
i 1 Js Jo Js 

oo /• fOO 

-(d+z) 



r 



o 



p poo p 

/ / / e itipi d^t d+z - x dtf{re)d6r d - x dr 
Js Jo Js 



r -(d+z) / f^ Mr d-l dr 
o Js 



= c d , z 

Jo 

= c d;Z [ \x\-^f(x)dx, 
Jw d 

where ipi is the first coordinate of <p, 

a{t) = J e itvi d(p. (3.8) 

and 

"OO P POO 



Cd. 



z 



poo p poo 

/ e itlfl dipt d+z - 1 dt= a{t)t d+z - l dt. (3.9) 
Jo Js Jo 
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Next we need to show that q 2 is bounded for some range of #'s. After 
doing a change of variable, we get 

a{t) = / e its uj d ^(VT^) d - 2 -== = c d J d _ 2 {t). 
J -i V 1 - s 2 

Using the asymptotics for Bessel functions, we get that \u(t)\ < ct^ 1 ! 2 when 
d-2 > -1/2. If -d < Re z < -d+ 1/2, then 

POO 

\c d , z \< / \a(t)\t Re z+d - l dt 
Jo 

pl poo 

< J u dr . l 1^ tez+dr - l dt + c d J t Rez+d ~ 3/2 dt 

< oo. 

Since the function z—+ J Rd \u\ z f(u)du — c djZ L d f(x)dx is entire and 

vanishes for — d < Re z < —d + 1/2 and every / in the Schwartz class, it 
must vanish everywhere. 

Now letting z = ka for k — 1, 2, ... and f(y) = f(y — x) = e~' y_:c ' 2/ ' 2e , we 
obtain 

f e -™-*\ u \ka e -e\u\y2 du = c^^TCe)^ 2 f \y\-( d+ha ) e^*^ /2t dy. (3.10) 
JR d JR d 

Letting e— >0 in (13.101) . we have 

lim(2vr)- d / e-^ x |M| fcQ e- £|u|2/2 rfM= (27r)^ C(ifca |xr (d+Q) . (3.11) 

□ 

We now prove Proposition 13.11 
Proof. By the Fourier inversion theorem, we know that 
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Pi(0,s)= (^-Y [ e-^e-^du 
\2tc; j Rd 

= lim(27r)- d I e~ iu - x {e-^ a - l)e-^ 2/2 du 
+ lim(27r)- d / e- iu - x e-^ 2/2 du 

= h+h- 

Looking at I 2 , 

h = lim(27re)- d/ V |a;|2/2e = if x ^ 0. (3.12) 
Next, looking at Ii and using the Taylor expansion of e x , we get 

I 1 = \im(2n)- d Y e - iu:c (-l) fc ^— e- £|u|2/2 rfM. (3.13) 

Then applying Lemma 13.31 in ( 13.131) , we have 

oo 

I, = ^n)- d Y(-l) k ^\x\~ id+ka) \x\-( d+a \ (3.14) 

^— ' re! 

fc=i 

The first part of Proposition 13.11 is now proved by combining (13.121) and 

dsn. 

It remains to show 

oo 

Y^(-l) kC -^\ x \- {d+ka) = 0{\x\- {d+2a) ). 

k=2 

As we can see from Remark 15.11 

Cd < ka ~ Z n T(-ka/2) ■ 
For convenience, we set the series coefficients (— l) fc ^p = for any k. 
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By Stirling's formula, we have 



Um r(* + i)_ = L 



Applying Stirling's formula and the fact that § < 1, we get 



v a k+l 
k^oo dk 

p/ d+(fc+l)a \ 

= lim 

fc-oo (k + i)r(^) 

= lim 1 ( id± ka)/2 + a/2 - U t^+f-Q / (d + ka)/2 + a/2 - l \°/a 
'k^k + iy (d + ka)/2-l ) V e J 

= e a ' 2 lim A;"/ 2 - 1 

k— >oo 

= 0. 



This completes the proof of Proposition 13. 11 □ 

An alternative approach is to view the symmetric stable process as Brow- 
nian motion subordinated by a one-sided one-dimensional stable process of 
index a/2, and to use the known density for these one-sides processes. Al- 
though there is an explicit expression available for the latter, it is given as 
an infinite series, so this method does not seem any shorter or simpler than 
ours. 



4 Estimates 

In this section, we will obtain some key estimates, which will be used in our 
proof of uniqueness. 

Proposition 4.1 There exists a positive constant c\ > which depends on 
d and a such that 
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(a) \p!{0,x)\ < ci(l A and for k = 1,2, 

|<9Vi(0,x)| < Cl (i a 

f&j |p t (0,x)| < Cl r d / a (l A (tV«|a;|-i)) C4i+a() and fork = 1,2, 

\d k Pt (0,x)\ < Cl r {d+ ^ a {l A (tV«|a;|-i))^ +fc . 

Proof, (b) follows from (a) by scaling. For (a), the first estimate is just a 
restatement of Proposition 13.11 We have the full expansion in Proposition 
13. 11 Differentiating it with respect to x and following a similar argument to 
proving (I3.14p gives the case k = 1, 2. □ 

Fix A > 0, and for bounded / let 

e- xt f(X t )dt = J r\x - y)f(y)dy. (4.1) 

where X t is a symmetric stable process, p t (0,x) is its transition probability, 
and r A (x) = J °° e~ xt p t (0, x)dt. We also let 

MJ{x) = J [f(x + h)- f(x) - l (W <i)V/(x) ■ h]-^^dh. (4.2) 

for / G C^. Observe that in (14. 2p . z is a parameter and M. z f is a function 
only of x E M. d . 

We will investigate the operator M. y , which is the generator of a symmetric 
stable process of fixed order at(y). In this case, the operator A4 y has Levy 
measure nrs+ZQfi dh. We define 1Z C X and r x,c by ( 14. ip when the process X t of 
(14.11) is generated by A4 y . 

We have the following estimates regarding the resolvent density of 7Z C X , 
where for convenience we write a in place of a(y). 

Proposition 4.2 There exists a positive constant Co G (0, <x>) such that the 
following hold: 

(a) r x ' c (x) < c (j\x\- 2a A l)\x\- d+a ; 
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(b) J2i \dr^ c (x)/dx l \ < c {\\x\~ 2a A l)^"***- 1 ; 

(c) Id^^/dxidxjl < c (j\x\- 2a A l)\x\~ d+a - 2 . 

Proof. We will only prove part (a), the others being similar. We know by 
Proposition 14.11 that there exists a positive constant c\ such that p t (0,x) < 
Cl t- d l a {l A (tVo) \ x \' 1 )^ a \ Then 

poo 

,A,c/„\ / -Xt 



r£ c (x) = J e- M Pt (0,x)dt 

r\x\ a roc 

< Cl \x\- {d+a) / te- xt dt + Cl e- xt t~ d/a dt 

JO J\x\ a 

<h + h- 



First, we consider \x\ > 1. For I\ 

M 



h<c 2 \x\-^ f X e~ xt ' 2 dt<cz\- 1 
Jo 

Next, since e _A ' a; ' a < C4|x|~ a when \x\ > 1, 



x\ 



-(d+a) 



h < c 5 \x\- d / e- xt dt < c 6 A- 1 |a:|- << e- A|ie|a < c 7 X- 1 \x\-^ d+a \ 



Summing Ii and I 2 , we get for \x\ > 1, 

r X ' c {x) < (c 3 + c 7 )A- 1 |x|-( d+a >. 

A similar proof also works for \x\ < 1. Again look at Ii and I 2 - 



Ji < Cl \x\- {d+a) [ te~ xt dt < 
Jo 



Cs\X\ 



-d+a 



and 



h < ci / t- d/a e~ xt dt < c 9 e~ x \ x \ a I t~ d/a dt = c 10 \x\- d+a . 

J\x\ a J\x\ a 
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Summing Ii and I2, we get for \x\ < 1, 

Ty' C (x) < (c 8 + C 10 )\x\ 

The two cases above prove the estimates. 



-d+a 



□ 



Let ip be an even radial nonnegative C°° function with support in -8(0, 1/2) 
and J ip(x)dx = 1. Define (p e = e~ d ip(x/e). Let A G [1, 00) be fixed. Define: 



(4.3) 



where ^ is a stable process generated by (14.21) with Levy measure 
Then we have the following estimates on r x,£ . 



\h\ d + a (y) 



dh 



Proposition 4.3 There exists a positive constant cq G (0, 00) such that the 
following hold: 

(a) r^ £ (x) < c {\\x\- 2a A l)\x\- d+a ; 

(b) J2i \dr x /(x)/dx l \ < c ({\x\- 2a A l)|z|- d+ °- 1 ; 



(c) J2i d \d 2 r^(x)/dx i dx j \ < c ({\x\- 2a A 1 



\x\ 



-d+a-2 



Proof. Again, we will only prove part (b) as the others are similar. To get 



estimates on r x ' £ (x), we write 



\r x /{x) 



< 



r y ' c (x — u)ip £ (u)du 

(r^(x-u)-r x > c (x))<p £ (u)d 
h + h- 



a 



ry' c (x)if £ (u)du 
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We estimate h first. 



h< | {ry' c {x - u) - r£ c (x))<p £ (u)\du 



+ / . \{r^ c {x-u) -r^ c {x))<p £ {u)\du 



M<| U |<1M 



+ / \{r^ c {x~u) -r^ c {x))(p £ (u)\du 



y 

hi + 1 12 + lis- 



U|>-L- 



Since sup \ry ,c (x — u) — r^ ,c (x)| < ci|«| |(9r^' e (x/2)/9xi|, we have 
|u[<M 



hi <c,J2 \dr% e {x/2)/dx i \ [ \u\ip e {u)du < c 2 \r^(x/2)\. 
As for J12, since ip E (x) has support 5(0, l/2e), we have 



J 12 < / {|r*- c (* - u)| + |r^(x)|}^(«)d« 

<c,\r X y \x)\. 

Looking at J 13 , since \x — u\ > \x\/2 when \u\ > 3|a;|/2, we have 
/is < c 4 \r^ c {x)\ / <f £ (u)du < c 5 \r$' c (x)\. 

J\u\>^p 

It is easy to see that h = r^ c since j ip(x)dx = 1. Using Proposition 14.21 
and combining with the estimates for h and h finishes the proof. 

□ 



Corollary 4.4 There exists a positive constant Cq G (0, oo) such that the 
following hold: 
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(a) r X ' £ (x) < Co{\x\- d ~ a ; 

(b) £\ \dr x /{x)/dx l \ < c \\x\~ d - a - 1 ; 

(c) \d 2 ry> £ (x)/dxidxj\ < c j\x\~ d ~ a ~ 2 . 

Proof. The Corollary follows easily by looking at small \x\ in Proposition 

□ 



We now have the following proposition. 



Proposition 4.5 If Assumption [Ol (a) holds, there exist positive constant 
i] and ki e (O.oo) such that 



\{C-M x )r x /{u)\ < h 
\(C-M x y/(u)\ < 

In particular, for all u 

\(c-M x y/(u)\< 



1 



u \d+a(x)-a(y)-ri ' 
fcl 1 



H < 1, 

Id > 1. 



l 



A \u\ d+a ^ +a ^ ' 



Proof. For convenience, we set 

J(u, h) = r x /(u + h)- r x /(u) - Vr*' e (d) ■ hl m < 1} 
When \u\ < 1, we have 

\(c-M x y/(u)\ 
j(u,h) n(x : h) -^ x) dh 



< 



J(u, h) 



n(x, h) — £(x) 



(4.4) 



+ 



\h\>^ 



J(u, h) 



| /i | *+•«(*) 
n(x, h) — £(x) 



dh + 
dh 



\u\ -l i 3|u| 



n(x, h) — £(x) 



\h\ 



d+a(x) 



dh 



h + h + h- 
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First of all, looking at 7i, by Assumption 12.21 (a) and Proposition 14.31 we 
have 

h < c 2 snp \#&{z)\ [ , , —*— dh < 



Next for I2, by Proposition 14.31 we have 



\ u \d-a{y) \ U + h\ d - a( - y y 



Thus we have 



I < [ f ° 4 I ° 5 ] l w ( g ' fe ) "^I rffe 

2 ~~ 7m<|/ 1 |<^M I |u| d_a (») I it + /i| <*-«(») J |/i| d +«W ' ' 

- | w |d+a(x)-a(j/)-e | u |d+a(x)-e J ^H < | h |<3M |« + 
< 



For J3, there are two cases. 

3|u 



Case 1: If 4^ < 1, we break ^3 into two pieces as follows: 

f it/ , m \ n i x i h) — 11 f , T / , m h) — £(x)\ „ 

— hi + -^32 • 

We assume a(x) > 1, then 

hi < / (l Sr^T + 1 — T7~~TT + , T l <L )\h\- d - a(x)+e dh 

~ Jm^h^x \\u+ h\ d ~ a ^ \u\ d - a ^ \ u \d-*{y)+i. J 1 1 

< C J1 + f \h\~ d - a{x)+1+t dh 

< ^ + c ji I \hr d+t/2 dh 

- \ u \d+a(x)-a{y)-e/2 ^ ^ d+a ( x )-a(y)-e/2 J^.^ 11 

< c u 



d+a{x)—a(y)—t/2 ' 



\U 
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since ^-"(aO+i+e/a < \ u \-a{x)+l+ e /2 if 3M < |/,|. 

If a(x) < 1, the situation is even simpler as we can drop Vr^ E (it) ■ hl(\h\<i) 
term from J(u, h). 

When \h\ > 1 > we have |u+ h\ > ^r, so 



ri' e (u + /0<— ^ 



\u 



d-a(y) ' 



Therefore 



/ l/il- d - a ^ +e d/l. 

il/ll>^ 



< Ci 6 



< 



u\ d - a (y) 

Cl7 



d+»(ir)— a(?/)— e ' 

3|«| 

^ X, U11C11 VVC 11CXVC 

Cl9 



Case 2: If -L-l > 1, then we have 



/ 3 <c 18 r^(n) / |/i|-^-^< 



since 

sup \ry' £ (x)\ < c Ty' e {u) 

M d \B(«,3|n|/2) 

and \h\- d ~ a W < when > 1. 

Since \u\ e < \u\ e ^ 2 when |w| < 1, summing the above gives 

|(£ - M x y/(u)\ < k l Hd+a{x ]_ a{y) ^ \u\ < 1. 

We finish the proof for the first assertion of the proposition by setting 77 = e/2. 
Similar arguments prove the estimate for large \u\. The second assertion can 
be similarly proved by using Proposition 14.31 when we estimate | J(u, h)\. We 
leave the details to the reader. □ 



We set 



Mlf{x) = / [f(x + h)- f(x) - l (N <i)V/(x) • hjj^^dh. 
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Proposition 4.6 If Assumption \2.3\ holds, there exist a positive constant 
k,2 £ (O.oo) such that 

\(M x -Miy/(u)\ < «: 2 M£)=|M, |t*| < 1, 
\{M X -M y x )r% £ {u)\ < f\u\- d ~ 2 ^ \u\>l. 

In particular, for all u 

\{M x -M y x )r x /{u)\ < f \u\~ d ~ 2 ^. 



Proof. The proof follows closely the proof of Proposition 14.51 and the fact 
that |ii| _a ^ < \u\~- when \u\ > 1, where a = inf a(x). 

X 

□ 

Here is another estimate. 

Proposition 4.7 If Assumption W^ and Wlft hold, there exist a positive con- 
stant K3 G (O.oo) such that 

\{Ml- ' " ,l 



\{Ml - M y y/(u)\ < ^ 1 



I ln^l 
1 2 1 


|«| < 1> 


lln H l 
1 2 1 


|it| > 1. 



A |n| d+2 ( a ( x ) Aa ^)) 
In particular, for all u 

\(Ml - M y y/(u)\ < f n^^oj I ln * 



Proof. The only difference between the previous proposition and this one is 
how we do the perturbation. In the previous Proposition 14. 5[ the difference 
of the kernels of the two operators is 

n(x, h) 

\yAd+a{x) 
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Here the difference of kernels between two operators is 

ay) m 

\h\ d + a ( x ) \h\ d+a (yy 

The proof we carry out is similar to that of Proposition 14.51 



By Assumption 12.31 £(x) is bounded above. 

When \u\ < 1, where J(u, h) is defined in (14.41) . we have 

£(v) ay) 



(Ml-M y )r^(u)\= J(u,h) 



+ Ci 
+ Ci 



l^d+a(x) \h\d+a(y) 

J(u,h)[ 1 



dh 
1 



M<N<3M 



1 



h + I 2 + h- 



J(u,h)[ 
J(u,h)[ 



dh 
1 



\h\d+a(x) \h\ d + a (v) 

1 1 



dh 



dh 



Without loss of generality, we may assume that a(x) > ct(y) in the fol- 
lowing proof. 

First of all, looking at I±, by Proposition 14.31 we have 

1 



h < c 2 sup \d 2 r*' £ (z) 

B(u,\u\/2) 



l-\h\ 



a(x)-a{y) 



dh 



<c 3 

< c 4 

< c 5 



\a{x) - a(y)\ 



\u 



d-a(y)+2 



|r|<^ 



| r |2-a(x) ^ il 



dr 



a{x) - a{y)\ 



\u 



d+a(x)—a(y) 



r < 



In Irl 



dr. 



\a(x) - a(y)\ 



d+a(x)—a(y) ' 



using \r\ 2 a ^ < \u\ 2 a ^ onr < y and the integrability of lnx when x is 
small. 

Next for J 2 , by Proposition 14.31 we have 

|VrJ*(u) ■ hl m < 1} \ < c 6 \u\- d+a(y \ l 4<\h\< ¥• 
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Therefore we have 



1 



+ 



12 ~ C7 /m < | A |<3M { | it + h\ d - a ^ ' \u 
\a(x)-a(y)\ f I 



-a(y) } 



\l-\h\ 



a(x)-a(y) I 



u 



\d+a(x) ( /H < |M<3H \ll + h\ d - a t 



ln\h\\dh 



-dh 



+ Cg 



\a(x) - a(y)\ 

\ u \d+a{x)-a{y) y M< | fe | < 3M 



\n\h\\dh 



\a(x) -a{y)\ , u , 
Next for J 3 , there are two cases. 



Case 1: If ^ < 1, we break up J 3 as follows: 



2M<|/i|<l 



J(u, /l) 



Cl 



Cl 



J(u, /l) 



'lhl>l 

-^31 + ^32- 



|^|d+a(x) |^|d+a(j/)_ 
Cl Ci 



|^|d+a(x) |/ l jd+ct(y)_ 



dh 



Then 



/31 < en sup \d 2 r x y £ (x)\ \a(x) - a(y)\ / 

3lul J 31 " 1 
R<*\B(u,^) ~ 

\a(x) - a(y)\ 



<\h\<l 



\n\h\ 



dh 



< C12- 



< C13 



| u |d+a(x)-a(y) 

|a(x) - a(y)\ 



In d/i 



|ti|d+a(x)-Q;(j/) ' 
3|«| 



When \h\>l> we have \u + h\> ^ so 



ry' £ {u + h)< 



Cl4 



d— a( 



Recall that a = inf a(x). 
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Then 

1 32 < C15 

< Ci 6 

< C17 

< Ci 8 



Pi ; ./l/ll>l 
\a(x) - a(y)\ 



u 



d+a(x)—a(y)—a/2 



a(x) - a(y)\ 



u \d+a(x)-a(y) 

using |m|-/ 2 < 1 when \u\ < 1. 
Case 2: If > i then we have 



h < c 19 \a(x) -a(y)\r x y £ (u) / \h\- d ~ a{ - x) | In \h\ \dh 



\h\> 



3|u. 



a(x) - a(y)\ 



- ° 21 \ u \d+a(x)-a(y) ' 

since |w|-/ 2 < 1 when \u\ < 1. 

Summing up the above proves the estimate for \u\ small. Following similar 
arguments proves the estimate for large \u\. □ 

Lemma 4.8 If r < 1 and f3(r) is defined as in Assumption \2.2\ and satisfies 
the condition in Assumption \2.2\ (b), then there exists a constant such that 

(i) r -i-0(»O+e < K4 r- 1+e ; 

(ii) fi(r)r- 1 -^ < k 4 ^. 

Proof. By Assumption 12.21 (c), (5{r) ln(r) — > as r — > 0, and then r^' r ) — > 1 
as r — ► 0. The lemma follows easily. □ 
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Proposition 4.9 Suppose Assumption \2.2\ and \2.3\ hold. Let g G C 2 with 
compact support. There exists a positive constant A such that 



{C-M y )r x y £ {x-y)g{y)dy 



<\\\9l if A > A. 



Proof. 



J(C- M y )r x /(x - y)g(y)dy\ <\J{C- M x )r x /(x - y)g(y)dy 

(M x - Ml)r x /(x - y)g{y)dy 



(M x - M y )r x ' £ (x - y)g(y)dy 



J1 + J2 + Js- 



By Proposition 14.51 Lemma I4T51 and the fact a = inf a(x) < 2, 

X 

«1 



Jl < 



+ 



|x-„|A*<i \x - y\ d + a ^~ a (y^ 

K\ 1 



dy 



*-y\\l>l A \X - y\d+*{x)+ a (y) 



dy 



< 



J r /3(r)+l-r? IIJN J J r l+2a 

. »? 



<c 2 ||^||(A-i+A- 1+ ^ 2 ). 



Taking A large enough, say A > Ai, such that 

Ji<l\\g\\- 
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By Proposition Assumption 12.21 and Proposition 14.61 

**m[ , ^-^^"y 

J\x-y\Xi<l \ x ~ y\ 

if «2 1 

./|a:-j/|A*>l A l x i/ 1 - 
_ l 

<<*IMIjf '^dr + c 3 \\g\\£ k X-^dr 
<c 4 ||^||(A- 1 ^/ 2 + f^l^x-v^dr). (4.5) 



Letting A-^oo, the first term of (14.51) goes to 0. By the Dini Continuity of 
£(x) and the dominated convergence theorem, the second term of (I4.5p also 
goes to 0. 

Now take A > A 2 such that 

J * < ~ 
6 

Lastly, by Proposition 14.71 and Lemma 



yix-»iAJ>i A |x-y| d + 2 ^' 2 
_ 1 

- ce( r ^ i ^- i/4 ) (t) ^ + 4 a_i ^' int| ^- (4 - 6) 

Since | lni| < t -7 as t— >0 and | In t| < t 1 as t— *>oo for any 7 > 0. 

By Assumption 12.21 and the dominated convergence theorem, the first term 
of (14.61) goes to as A— >oo. 
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For the second term of (14. 6p . we only need to take care of the convergence 
of integral at and oo. If we choose r < min(2a, 4— 2a) and by the dominated 
convergence theorem, the second term goes to as A^oo. 

Now taking A > A 3 such that 

J3<l\\g\\- 



The proof is completed by taking A = max(Ai, A2, A3). □ 



5 Uniqueness 

Now we are ready to show the uniqueness of the solution for the martingale 
problem. Let P?, i = 1, 2 be two solutions to the martingale problem starting 
at x. Let TZi be the corresponding resolvents. 

If / G C 2 with bounded first and second derivatives, by the definition of 
the martingale problem 

f{X t ) - f(X ) - [ Cf{X s )ds = martingale. 
Jo 

Taking expectations with respect to Pf , 

Eif(X t ) - f(x) = Ej f*£f(X,)d8. 

Multiplying by Xe~ xt , integrating over t from to 00, and using Fubini's 
theorem gives for % = 1, 2 

roc l*t 

XTZJ - f(x) = Ei / Ae _A< / Cf(X s )dsdt 
Jo Jo 

/oo poo 
J Xe- xt Cf(X s )dtds 

POO 

= E, / e- Xs Cf(X s )ds 
Jo 

= MCf). 
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Then we have 



n i ((X-C)f) = f(x) fori = 1,2. (5.1) 

Set TZ a = IZi — IZ2. Taking the difference in (15.11) implies 

ft A ((A-£)/) = 0. (5.2) 

Let g be a C 2 function with compact support and let 

f £ (x) = / (rj * <^ e )(x - y)g{y)dy. (5.3) 



Note / e (x) is in C 2 with bounded first and second derivatives. Applying 
(15.21) . we have 

K A ((\-C)f e ) = 0. (5.4) 

Proof of Theorem \ 2.5l 

Set 

0=||7£a||= sup |7?. A /|. 

ll/ll<i 

Note \K A f\ < (2/A)||/||, so 6 < 00. 

Let g be a C 2 function with compact support and let / e be defined by 
(jOl . From (ED, we get 

= |ft A ((A-£)/ e )-ftA<7| 

= |^a J{X-M y + M y - C)r x /{x - y)g{y)dy - TZ A g\ 

< |7e A (Ai-p)| + |7e A A 2 | 
= /i + / 2 , 

where 

Ax = J{\-M y )r x y £ {x-y)g{y)dy 
A 2 = J(M y -Cy/(x-y)g(y)dy. 
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First, we look at I\. Since (A — M. y )r, 



tp e , then 




Ve(x - y)g(y)dy = g * ip E . 



We have 



limsup \7ZA(g * fe) — T^Ag\ = 0, 

£->0 



since g * tp £ ^g uniformly. 

Finally, let us look at 7 2 . By Proposition 14.91 and take A > A, we have 



Taking the sup over g e C^°, what we get is 6 < -^6. Since 6 < oo, we must 
have 9 = 0, i.e. IZif = 7^2/- By the uniqueness of the Laplace transform, 
we have Kif(X t ) = Ea/(-Xt) for almost every t. Since the paths of X t are 
right continuous and / is continuous, then we have equality for all t. That 
the finite dimensional distributions under Ff and Pf are the same for each x 
now follows by using the Markov property. 

Lastly, we need to do a localization argument. Since is Dini Contin- 
uous, there must be a neighborhood of x such that Assumption 12.31 holds. 
This means that we have local uniqueness for the martingale problem for £ 
started at xq. Then we follow some standard arguments; see, e.g., Chapter 
VI of [B4] to complete the proof of Theorem 12 .51 □ 

Remark 5.1 We could actually compute the constant C\ in Proposition 13. II 
as a consequence of calculating c^ka by looking at the function f(x) = 
6 -fI / 2 . xj se p i ar coordinates to get 



h < 2% 



Then 




L 



f 

Jo 



oo 



^-i(2vr) d / 2 



r 



; l e \ r \ 2 / 2 dr = c dtZ u d . 



r 



z-d+d-l e -\r\ 2 /2 dr _ 
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Do a change of variable s = r 2 /2 and use the definition of the gamma function 
to get 

. _ 2( ^ V / 2 m+d)/2) 
~ n n-z/2) ■ 

Replacing z by ka, we have 

C dM -{Z7T) I 7T T{ _ ka/2) 7T T{ _ ka/2) ■ 



In particular, 



ci- c d , a -Zn _ r( _ a/2) 



We see this makes sense since r(— a/2) is finite for < a < 2. 
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